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lkjka’k

;g 'k¨/k i= jSf[kdr% xq.ku[kafMr f}?kkr ç¨xzkeu leL;k rFkk jSf[kd fHkUukRed ç¨xzkeu leL;k d¨
vkO;wg çfry¨e fof/k (Matrix inversion method) }kjk gy djus dk çLrko djrk gSA Hkkouk JhokLro ,oa
vU; }kjk bl fof/k dk mi;¨x cgq&mÌs’kh; jSf[kd ç¨xzkeu leL;kvksa (Multi-objective linear programming

problems) dk gy Kkr djus ds fy, fd;k x;k gSA bl fof/k esa flEiysDl lkj.kh d¨ cukus dh vko’;drk
ugha gSA bl fof/k }kjk b"Vre gy Kkr djus esa x.kuh; le; de yxrk gSA gekjs nkos dh iqf"V ds fy,
var esa fofHkUu ǹ"VkUrh; mnkgj.k Hkh fn, x, gSA

Abstract

This research paper proposes a Matrix Inverse method to solve the Linearly Factorized Quadratic
Programming Problem (LFQFPP) and Linear Fractional Programming Problem (LFPP). The same
had been introduced to solve the Multi-Objective Linear Programming Problem (MOLPP) by
Bhavana Shrivastava et al. There is no necessity to form Simplex tables so far in this method. To
achieve an optimal solution through this method, as far as computation time is concerned; it takes
the least time. Various illustrations are given at the end to validate our claim.

eq[; 'kCn% jSf[kdr% xq.ku[kafMr f}?kkr ç¨xzkeu leL;k] vkO;wg çfry¨e fof/k] cgq&mÌs’kh; jSf[kd ç¨xzkeu
leL;k] jSf[kd fHkUukRed ç¨xzkeu leL;k] b"Vre gy

Keywords: Linearly Factorized Quadratic Programming Problem, Matrix Inverse Method, Multi-
Objective Linear Programming Problem, Linear Fractional Programming Problem, Optimal Solution.

izLrkouk

f}?kkr ç¨xzkeu leL;k,a vjSf[kd ç¨xzkeu leL;kvksa dh ,d e©fyd Js.kh dk çfrfuf/kRo djrh gSa] t¨
flXuy ,oa best ç¨lsflax] U;wure oxZ lfUudVu (Least square approximation), foÙkh; i¨VZQ‚fyvks ds
b"Vreu vkfn {ks= ä esa O;kid :i ls ykxw g¨rh gSA fiNys dqN o"kks± esa f}?kkr iz¨xzkeu leL;kvksa d¨ gy
djus dh dqN fof/k;k¡ çLrkfor dh xÃ gSA ;g 'k¨/k i= jSf[kdr% xq.ku[kafMr f}?kkr ç¨xzkeu leL;kvksa d¨
gy djus ds fy, ,d u, x.kuh; mixeu (Computational approach), vkO;wg çfry¨e fof/k d¨ çLrkfor
djrk gSA vkO;wg çfry¨e fof/k loZçFke cgq&mÌs’kh; jSf[kd ç¨xzkeu leL;kvksa dk b"Vre gy Kkr djus
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ds fy, Hkkouk JhokLro ,oa vU; [5] us çLrkfor dh FkhA jSf[kdr% xq.ku[kafMr f}?kkr ç¨xzkeu leL;k,a]
vjSf[kd ç¨xzkeu leL;kvksa dk ,d fo’ks"k milewg cukrh gS] t¨ ,d ,sls mÌs’; Qyu d¨ b"Vre djus ij
/;ku dsafær djrs gSa ftlesa jSf[kdr% xq.ku[kafMr f}?kkr lajpuk g¨rh gS rFkk t¨ jSf[kd lehdj.k¨a
¼vFkok@vkSj½ vlfedkvksa ds lkFk ifjHkkf"kr g¨rh gSA çLrkfor fof/k ikjaifjd flEIysDl fof/k dh rqyuk esa
x.kuh; :i ls vf/kd dq’ky ,oa vo/kkj.kkRed :i ls ljy fodYi çnku djrh gSA bl çdkj dh
leL;kvksa d¨ gy djus ds fy, lkfgR; esa cgqr lkjh fof/k;ka çLrkfor dh xÃ gSA Ýsad ,oa vU; [1] us
f}?kkr ç¨xzkeu leL;kvksa d¨ gy djus ds fy, ,Yx¨fjFe çLrkfor dhA iafM;u ,oa vU; [2] us jSf[kdr%
xq.ku[kafMr mÌs’; Qyu j[kus okyh f}?kkr ç¨xzkeu leL;kvksa ds fy, ,d uohu fof/k fodflr dhA tSu
,oa vU; [3–4] us Øe’k% x‚l foy¨iu çfof/k rFkk la’k¨f/kr Qwfj,j foy¨iu izfof/k dk mi;¨x djrs gq,
f}?kkr ç¨xzkeu leL;k d¨ gy fd;kA

dkuZsl ,oa vU; [6] us jSf[kd fHkUukRed Qyud ä ds lkFk ç¨xzkeu ij dk;Z fd;kA mUg äus fdlh jSf[kd
fHkUukRed ç¨xzkeu leL;k d¨ n¨ jSf[kd ç¨xzkeu leL;kvksa ls çfrLFkkfir fd;k t¨ dsoy Qyud ,oa ,d
O;oj¨/k ds fpUg esa ,d nwljs ls fHkUu g¨rs gSaA dkafrLo:i [7] us jSf[kd fHkUukRed iz̈ xzkeu leL;k d¨ gy
djus ds fy, ,d fof/k çLrkfor dh] ftlesa mÌs’; Qyu ds gj xq.kkad ä d¨ [k¨tus ds fy, ,d uÃ iafDr
cukÃ tkrh gS vkSj bl iafDr dk mi;¨x ços’kh pj dk p;u djus ds fy, fd;k tkrk gSA bl fof/k esa
vixkeh pj rFkk dhyd vo;o dk p;u flEIysDl fof/k ds leku gh gSA bl fof/k esa ;g Hkh ekuk tkrk
gS fd lHkh laHko gy ä ds fy, gj lnSo /kukRed gSA dkykUrj esa tSu ,oa vU; [9, 10, 11] us x‚l foy¨iu
çkfof/k rFkk la’k¨f/kr Qwfj,j foy¨iu çkfof/k dh lgk;rk ls fHkUukRed ç¨xzkeu leL;k dk gy çkIr fd;k
t¨fd vU; ikjaifjd fof/k; ä ls çkIr g¨us okys gy ds lkeku gh çkIr gqvkA tSu ,oa vU; [8] us le?kkr
O;oj¨/k j[kus okyh fHkUukRed ç¨xzkeu leL;k d¨ gy djus ds fy, ,Yx¨fjFe fodflr dhA

jSf[kdr% xq.ku[kafMr f}?kkr izksxzkeu leL;k

jSf[kdr% xq.ku[kafMr f}?kkr ç¨xzkeu leL;k] f}?kkr ç¨xzkeu leL;k dk ,d fo’ks"k :i gS t¨ ikjaifjd
f}?kkr ç¨xzkeu fun’kZ ls fHkUu gS D; äfd ;g mÌs’; Qyu d¨ fo’kq) :i ls f}?kkr Qyu ds ctk; n¨
jSf[kd Qyu ä ds xq.ku ds :i esa vfHkO;Dr djrk gSA ;g la’k¨/ku] fopkjkFkZ leL;k dh xf.krh; lajpuk
d¨ ljy cukrk gS] x.kuh; n{krk d¨ c<krk gS vkSj vf/kd çHkkoh b"Vreu djrk gSA bl çdkj mÌs’; Qyu
d¨ iquxZfBr dj] fofHkUu vuqç;¨x ä esa tfVy b"Vre leL;kvksa d¨ gy djus ds fy, jSf[kdr% xq.ku[kafMr
f}?kkr ç¨xzkeu leL;k ,d lqO;ofLFkr ǹf"Vd¨.k çnku djrh gSA

fopkjkFkZ ekud leL;k

;gk¡ ge ,d ,slh f}?kkr ç¨xzkeu leL;k ij fopkj djrs gSa ftlesa mÌs’; Qyu n¨ jSf[kd Qyu ä ds
xq.kuQy ds :i esa fuEu :i esa fn;k gksA

vf/kdre dhft;s

1 1 2 2 1 2Z (a x a )(a x a ) Z Z     ¼ekuk½

O;ojks/k Ax b

,oa x 0
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jSf[kd fHkUukRed izksxzkeu leL;k

fHkUukRed ç¨xzkeu rsth ls o/kZeku ,d vk/kqfud ,oa O;kogkfjd fo"k; gSA bldk mi;¨x lapkj
ç.kkyh] lSU; foKku] çca/ku] m|¨x vkSj mRiknu vkfn esa mRiUu g¨us okyh fofHkUu leL;kvksa ds lek/kku
esa fd;k tkrk gSA ;Fkk vFkZ’kkL= esa] fHkUukRed ç¨xzkeu ml leL;k d¨ gy djus esa mi;¨xh g¨rh gS] ftlesa
fofHkUu vkfFkZd xfrfof/k;k¡ vius ewY; ä ds Lrj ds vuqikr esa fuf’pr lalk/ku ä dk mi;¨x djrh gSA bls
vfrijoyf;d b"Vreu leL;k Hkh dgk tkrk gSA

fopkjkFkZ ekud leL;k

jSf[kd fHkUukRed leL;k dk xf.krh; :i fuEu gS&

vf/kdre dhft;s

c 'x
Z

C'x

 




O;ojks/k Ax( , , )b  

,oa x 0

fHkUukRed ç¨xzkeu leL;k ds O;oj¨/k¨a esa fo|eku ( , , )    esa ls ,d le; esa dsoy ,d gh fpUg g¨

ldrk gSA x,c  o C; n 1  LrEHk lfn’k gSA A, m n  Øe dk lfØ;rk vkO;wg gSA  b, m 1  Øe dk LrEHk

lfn’k gSA

vkO;wg izfrykse fof/k

pj.k 1 & loZçFke nh xÃ jSf[kdr% xq.ku[kafMr mÌs’; Qyu j[kus okyh f}?kkr ç¨xzkeu leL;k d¨
n¨ jSf[kd ç¨xzkeu leL;kvksa ds :i esa O;Dr djrs gSA

pj.k 2 & mij¨Dr pj.k 1 esa çkIr lHkh jSf[kd ç¨xzkeu leL;kvksa esa O;oj¨/k¨a ds :i esa mifLFkr
vlfedkvksa d¨ lehdj.k ekurs gq, lehdj.k fudk; d¨ Ax=b ds :i esa O;Dr djrs gSaA

pj.k 3 & vc fu.kkZ;d pj ä ds xq.kkad ä ls ,d vkO;wg A cukrs gSA

pj.k 4 & bl vkO;wg ds lkjf.kd ds eku dh tkap djrs gSA ;fn ;g v’kwU; çkIr g¨rk gS r¨ leL;k
dk gy laHko gS vU;Fkk ughaA

pj.k 5 & vkO;wg A ls çfry¨e vkO;wg A–1 Kkr djrs gSA

pj.k 6 & fu.kkZ;d pj ä ds ewY; ä d¨ lehdj.k X=A–1B dh lgk;rk ls Kkr djrs gSA

pj.k 7 & bu fu.kkZ;d pj ä ds eku ä d¨ n¨u ä mÌs’; Qyu ä esa çfrLFkkfir djrs gS rFkk Z
1
 o Z

2
 dk

eku Kkr djrs gSaA

pj.k 8 & Z
1
 o Z

2
 ds eku ä d¨ xq.kk dj fopkjkFkZ leL;k ds mÌs’; Qyu dk eku Kkr djrs gSaA
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n`"VkUrh; mnkgj.k

jSf[kdr% xq.ku[kafMr f}?kkr izksxzkeu leL;k

vf/kdre dhft;s

1 2 1 2Z (3x 2x )(x 3x )  

O;ojks/k 1 2x x 4 

1 2x x 2 

rFkk 1 2x , x 0

mijksDr jSf[kdr% xq.ku[kafMr mís'; f}o?kkr izksxzkeu leL;k ls fuEu nks jSf[kd izksxzkeu leL;k,¡
izkIr gksrh gS&

(I) vf/kdre dhft;s

1 2 1Z (3x 2x ) Z    ¼ekuk½

O;ojks/k 1 2x x 4 

1 2x x 2 

rFkk 1 2x , x 0

(II) vf/kdre dhft;s

1 2 2Z (x 3x ) Z    ¼ekuk½

O;ojks/k 1 2x x 4 

1 2x x 2 

rFkk 1 2x , x 0

leL;k (I) esa vko';drkuqlkj U;wurkiwjd pjksa dk lekos'k djus ij leL;k fuEu :i ysrh gS&

vf/kdre dhft;s

1 1 2 1 2Z 3x 2x 0S 0S   

O;ojks/k 1 2 1 2x x S 0S 4   

1 2 1 2x x 0S S 2   

rFkk 1 2 1 2x , x ,S ,S 0

leL;k (II) esa vko';drkuqlkj U;wurkiwjd pjksa dk lekos'k djus ij leL;k fuEu :i ysrh gS&
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vf/kdre dhft;s

2 1 2 1 2Z x 3x 0S 0S   

O;ojks/k 1 2 1 2x x S 0S 4   

1 2 1 2x x 0S S 2   

rFkk 1 2 1 2x , x ,S ,S 0

leL;k (I) o leL;k (II) ls vkO;wg 
1 1

A
1 1

 
   

, 
1

2

x
X

x

 
  
 

 rFkk 
4

b
2

 
  
 

pwafd 
1 1

1 1 2 0
1 1

     
  vr% 1A  dk vfLrRo gSA

vkO;wg A dk izfrykse 
1 1 11

A
1 12

   
   

11

2

x 1 1 41
X A B

x 1 1 22
       

            
1 2

3
x 3,x 1

1

 
   

 

vr% 1 1 2Z 3x 2x 3(3) 2(1) 11      o 2 1 2Z x 3x (3) 3(1) 6    

mijksDr leL;k dk b"Vre gy 1x 3 , 2x 1  ,oa 1 2Z Z Z (11)(6) 66  

jSf[kd fHkUukRed izksxzkeu leL;k

fuEure dhft;s

1 2

1

6x 5x
Z

2x 7

 




O;ojks/k 1 2x 2x 3 

1 23x 2x 6 

rFkk 1 2x , x 0

mijksDr jSf[kd fHkUukRed izksxzkeu leL;k ls fuEu nks jSf[kd izksxzkeu leL;k,¡ izkIr gksrh gS&

(I) fuEure dhft;s

1 2Z 6x 5x  

O;ojks/k 1 2x 2x 3 

1 23x 2x 6 

rFkk 1 2x , x 0
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;gk¡ mís'; Qyu fuEurehdj.k dk fn;k gqvk gS vr% loZizFke bls vf/kdrehdj.k esa ifjofrZr djrs
gSA ;Fkk vf/kdre dhft,

1 2 1Z 6x 5x Z    ¼ekuk½

(II) vf/kdre dhft;s

1 2Z 2x 7 Z    ¼ekuk½

O;ojks/k 1 2x 2x 3 

1 23x 2x 6 

rFkk 1 2x , x 0

leL;k (I) esa vko';drkuqlkj U;wurkiwjd pjksa dk lekos'k djus ij leL;k fuEu :i ysrh gS&

vf/kdre dhft;s

1 1 2 1 2Z 6x 5x 0S 0S   

O;ojks/k 1 2 1 2x 2x S 0S 3   

1 2 1 23x 2x 0S S 6   

rFkk 1 2 1 2x , x ,S ,S 0

leL;k (II) esa vko';drkuqlkj U;wurkiwjd pjksa dk lekos'k djus ij leL;k fuEu :i ysrh gS&

vf/kdre dhft;s

2 1 1 2Z 2x 7 0S 0S   

O;ojks/k 1 2 1 2x 2x S 0S 3   

1 2 1 23x 2x 0S S 6   

rFkk 1 2 1 2x , x ,S ,S 0

leL;k (I) o leL;k (II) ls vkO;wg 
1 2

A
3 2

 
  
 

, 
1

2

x
X

x

 
  
 

 rFkk 
3

b
6

 
  
 

pwafd 
1 2

2 6 4 0
3 2

      vr% 1A  dk vfLrRo gSA

vkO;wg A dk izfrykse 
1 2 21

A
3 14

  
   
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11

2

x 2 2 31
X A B

x 3 1 64
      

            
1 2

3
3 32 x ,x

3 2 4

4

 
 

   
 
  

vr% 1 1 2

3 3 51
Z 6x 5x 6 5

2 4 4
          
   

 o 2 1

3
Z 2x 7 2 7 10

2
      
 

mijksDr leL;k dk b"Vre gy 1

3
x

2
 , 2

3
x

4
  ,oa fuEure 

1

2

z 51
Z

z 40
  

fu"d"kZ

Hkkouk JhokLro ,oa vU; }kjk çLrkfor vkO;wg çfry¨e fof/k] ikjaifjd flEIysDl fof/k ls csgrj gS
D; äfd blesa de iqujko`fÙk; ä esa gh b"Vre gy d¨ çkIr fd;k tk ldrk gSA bl fof/k ls vU; fof/k; ä dh
rqyuk esa de le; esa gh b"Vre gy d¨ çkIr fd;k tk ldrk gSA bl ,Yx¨fjFe ls çkIr ifj.kke d¨ x‚l
foy¨iu fof/k] la’k¨f/kr Qwfj,j foy¨iu fof/k] ikjaifjd flEiysDl fof/k rFkk vU; fof/k; ä ls çkIr ifj.kke ä
ls vklkuh ls lR;kfir fd;k tk ldrk gSA

fgr¨a dk Vdjko

ys[kd bl 'k¨/k i= ds çdk’ku ds lEcU/k esa fdlh Hkh çdkj ds fgr ä ds Vdjko dh ?k¨"k.kk ugha djrs
gSaA

'k¨/k i= esa ç;qDr vaxzsth 'kCn¨a dh lekukFkZd fgUnh 'kCnkoyh

Alphabetically sorted terminology in 
English 

o.kkZuqØfer fgUnh 'kCnkoyh 

Computational approach x.kuh; mixeu 
Least square approximation U;wure oxZ lfUudVu 
Linearly factorized quadratic 
programming problem 

jSf[kdr% xq.ku[kafMr f}?kkr izksxzkeu leL;k 

Matrix inversion method vkO;wg izfrykse fof/k 
Multi-objective linear programming 
problem 

cgq&mís’kh; jSf[kd izksxzkeu leL;k 

Optimal solution b"Vre gy 
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