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ART

Py WCHHEl H I Uh IUYHR WICHIF BT IIT R & [y e (Price), DRI (Camera),
RAM 3R 93 S faf=T AGSl &1 Jeid eI BIAT & | UTedhl Bl WRIGRT Fadl o
1 H e YeH B4 & Y, 39 O 9 H gg-ares oo (MCDM) &1 Ud URig
Tb-ilp, SIeTd (TOPSIS) &1 IUANT fhar TRT 2 | Raniad fafer H urgemiinas age Hvemail
(Pythagorean fuzzy numbers) @& ¥Id QA DI IO B & Iy MATHR Q0 AU ugfd
(Spherical distance measurement method) &7 SUANT fhar T © | 3fda:, AUl Mdedr RYIEE
(Relative closeness coefficients) T HeNT Fravedr uTieh (Revised closeness coefficients) &1
AT B T 7, @] Aag F WIEHA] Bl Geb b WU 1 T8 © AR Fa Iuga [dbed
@ TEA @I TE 2|

Abstract

Selecting an optimal smartphone among a list of smartphones requires evaluating multiple
criteria like Price, Camera, RAM, and battery. To help customers make decisions, this study employs
a well-known multi-criteria decision-making technique (MCDM) namely, Test of Order of Preference
by Similarity to ideal solution (TOPSIS). The proposed method uses a spherical distance
measurement method to calculate the distances between Pythagorean fuzzy numbers. Finally, the
relative closeness coefficients and the revised closeness coefficients are calculated to establish a
ranking order of smartphones, identifying the most suitable option.

& Teq: USANTNIT IR{E FYad; I, WhIR ot TMAThR u AU, Huel fdhed]
N ey

Keywords: Pythagorean fuzzy sets, TOPSIS; Score function, Spherical distance measurement,

Relative closeness coefficient, Revised closeness coefficient.

UXATa T

qg—AMGE Ui U& U0 daia B, foad &8 Acel & IR W vl foram Siram 7 |

TTeE [1] 7 3G AY=ad RIgid (Fuzzy Set Theory) & ARIH A JfHR=dar (Uncertainty)
AT JURYEAT (Imprecision) ®1 ASH &I & foTT WSRIAT Bl (Membership Function) 1
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AR YA DI | <Ifb= Ig AleeT gAN vl el 8l 8, Rifdp I8l AW (hesitation) T
AIS[E 8 FHhdT 3 |

JAANEE [2] 7 FERS WHTAI H WY P UMAA BRI gU SILAAAG] IGHE e
(Intuitionistic fuzzy set) URd T, il G AT DI Yb ATHRITARYT (Generalization) =
SHH ISR (membership) 3R IMEGRIAT (non—membership) f&H &1 AFT 1 | &9 a1 TR
B @BV | BTallfh, O A § BT AN 1 3 (b 8 APl & | 39 FART D AR &Y
IMTee 3R, WR. [3] 71 ATSATRIA e TYTad (Pythagorean fuzzy set) I SALRON Y
DI, T Tl BIfe o 3R SRl DI B & I (squares) BT ART 1 F HH I a_ER BT

A1f2q | 981 W @I BIfC (Degree of Hesitation), y=+/1—0’ —p> ¥ UG B! SR 2 |

Ud H H3 eNYddArel o A9 [4], T 3R I [5], Toiordl [6], Ud 3&d, Al HAA AR =T
[7] 9 UrSATIIRTA e Fq=ad & oy fAfd= gR1 ATy, FH=ar A9 &R b &1 ARt wga
o1, [ Scxic Wid AR (Internet Stock problem), Yed U@ (Pattern recognition)
SN H START U7 7| oifdd §79 9 By [ARRT Sifed IO 6Re & BIR0T SH gHTd]
g 3R e ifRed uRamIRa sRge Wq=ad &1 99e # araAef 2 |

TRAd MY UF H 3 AT & GERE 7 P A4 g9 AYA faf (new method of
measuring distance) JRTfAT &I T8 8, SN Q\ﬁ A & JMTENT (axiom of distance measurement)

P I B 11”1‘ HRAT B | fjﬁ? 0<a’+p*+y*> <1 BT §, o 3 (Triplet) (a,B,y) P Uh 3PS
25T (unt radius) TT FA ﬁg (origin) TR Bfgd MeTHR FdE (spherical surface) IR Refd AT
ST AHT B |

N IR W, &4 fhedl Q1 URATIRT 3RUe Agzad @ 919 @1 X1 $I SHIs BT arel
TMATHR ATE (spherical surface with unit radius) TR MATHR Eg\?[ (spherical distance) & w9 H
aRAIYT &R Fad E |

9 Y U @ @ THfRad @ 9 WRHd 8: s 1 H ydraH T (Introduction) IR &1 T8
g, e g &1 I=YfA, IR AT SHHT Hed W [HA1 AT 7| W 2 W R SRSl
(fundamental concepts) &T Wfered fdavuT (concise overview) RN far ar 8, S ured a1
3MMIeTH T (background) 3R STHHRI U&TH HRAT & | TS 3 H UTSATINIA JIFHE ATAT &
foU v 799 MR 0 A9 (Y ugd @1 15 21 @ 4 9 <o [8] &1 SN aRS
Ig—HATcS ferofaror W3 (multi—criteria decision—making problems) @1 81 &R @1 fafey TR
Tt B TS B | TS ThD AMGS! (criteria) & MR W A= faddwedl (alternatives) &1 T
(ranking) FEIRT &=+ # W & | Ws 5 H yxanfad faf (proposed methodology) & ArTH |
HIC B T B T ATTEING TR B & [T 17 7, T4 s 39! GATAT (feasibility)
3R @MagIRSGAT (practicality) R1g 81l 8 | €< 6 % 219 U3 & Y (concluding remarks) g
g Tq B, foTH eI BT ARIY (summary) 3T 7T 8 3R 9IS & I7He™ (future research)
@ AWIfad feemeit (potential directions) TR ¥ T@f &I TS T |
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RS IF®R Td gRETemg
9 TS H B9 USATNINIA 3R%BC el &l B giFATal aEReIs & A1 A Iqb Bo
RS TEell ®I IR BT Sl B g MY UF B fory I ¥ |

gR¥|TST [1] #71 fb X eb A6 Tz (Universal Set) & | Td Ush UTSATTINIT 3RGES
= & freferRaa aqeag & aRaifva f&ar S :

P ={<X,OLP(X),I3P> | x eX}

T8I, o, (x): X —[0,1] TAT B, (x): X —[0,1], TS x & Gz P H HHI: AW B B
UG ST P Hifc P ATl 21 34 a1 dife & forg fmferRad o =:

0< (0, (x)) +(Bp (%)) <1
gl deg &1 dife At qAfqerfdar &1 +ife (deeree of indeterminacy),

yp(x)z\/l—(onl,(x))2 ~(By(x))" . TRl wex x & gz P A Wewdr A1 IR—uewddl & aR 4

JFREAT 9TRl 8 | T8l I < o,y (x), Pp(x) > BT T USANTRIT GE AT (Pythagorean
Fuzzy Number) %2l SITdT € |

gfRATST [2] 74T b p=<oc,B> Udh TTgTINI 3RS AT (Pythagorean Fuzy Numbers)
g1 d9 s(p) B p BT WhR Hed (Score function) &I A HET ST &, ST&l

s(p)=(a)” = (B)*: s(p) €[0,1]

SETERYT 1 A1 b &1 p, =(0.7,0.3) 3R p, =(0.4,0.6) DS 3 TSANRIAT IRGE HEAY
g1 T s(p,)=0.40 3R s(p,)=-0.20 HAT: p, AR p, B PR BT & A & |

w1 {6 p,=(a,,B,) AT p, =(a,,B,) PIS T ULANIRIT IRpE TN &1 s(p,) qAT
s(p,) HIA: p, TAT p, & TR Bl & A & | WA & h(p,)=a’ +p> T h(p,) = a’ + B> HAL:
p, AT p, & Jerefdl Held & A | d9 ¢

3R s(p,) <s(p,) & A p, BT p, § BT (p, <p,) HET Il 2|
3R s(p,)>s(p,) B Al p, B p, § a1 (p, >p,) BN Il 2|
SR s(p1)=s(p2) dd p, 9T p, Q?:E%T S U.z (p1=p2) WW%'
IISATIRIT I¥Ge &Rl & fay Marer g8 wmu= fafer

A 6 p=(a,B) TP URANIIT IRGS A& &, T&T 0< o’ +B* <1 T AL DI Dife

y=yl—a’—p* Bl 3@ a’+p>+y>=1|
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3d: B I8 HE Wdhd © b Bd (triplet) (o,B,y), IPTs AT (unit radius) 3R ol fdg
(origin) (0,0) TR Hfad MATHGR AAE (spherical surface) IR RIA & | 3H UBR &H QI UIRATIRIA
JERE T3 & 41 B MeAdR X (spherical distance) P UTd &R Fahdl ©, Sl 39 A&
MATHR FAE (restricted spherical surface) 9= Bl T |

gRETT A AT f A IR C MT®R Adg (spherical surface) TR &l fég g, s
fdeli® (coorinates) A (x,,y,,2,) 3R (x,,¥,,2,) & | Al 39 & fdgali & = &) MeTrdR g2
(spherical distance) &1 frferRad A gRI GRHINT fdbar Sirdr 5

1 2 2 2
DSP(A,C):arccos{l—g[(xl—xz) t(y-%) +(z-2) ]} ()

9 g3 Bl AMAS PRI 8Y, Q& UTSANTRIT JEE AR & §1d Bl MelldR X DI =
UBR A gREINT fHar S €:

GRETST A AT b p, =(0,,B,) 3R p, =(0,,B,) TSANINIT Rpe AN &, 5
ERIGDHT PIS], HHT: v, AR y, & | A 7 &I UISATIRIT IRBT ATAT & d1 DI NATBR G
(spherical distance) @1 fFrHfeIRad TeR | 91 fHar ST AHhar &:

2 1 2 2 2
Dsp(pl,pz)=;arccos{1—5[(al —ay) + (B =B) (v -72) }} 2)

IEf 0 AT BT A [0,1] B SfARTeT F AT AT O b, gD forq %W(factor)ﬁw
fopar wam 2|
3—3RIRT AT (3—Dimensional Geometry) | 89 WA & {6 3R (a,,pB,,y,) 3R

(0,,B,,7,) BIS 1 faeg B A o +p2+97 =1 AR a2 +p2+y2 =1 | 3T AHNBROT (3) Bl
TRATBIUT B TR H MATBR I (spherical dstance) T FFfeTRad 3 U BIT 2

2
D (py»p,) = ;arccos{oclaz +B,B, + Ylyz}

3T BH BH @l USANIRIT 3HS AHead & did MlbR g4 (spherical distance) 3R

‘HIHI*QJ(\I(({)CI MATDR E;\‘Pr (normalized spherical distance) P gRYINT & B |
IRATYT A9 IS Q1 UISATTRIT G A

P={x,(a,(x,).Bp(x)):x, €X;i=1,2,3,..,n} 3R

Q={Xi,<OLQ(X1),BQ(Xi)>:Xi eX;i=1,2,3,...,n} g, W1 fdl wdf¥e ag=ad (Universal

Set) X & 3T g | Al I &9 Bl MeATDR G 3R AHIHT NATBR R DI 71+ ThR I
aRATYT fdham ST &:
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MdR g4

D, (P.Q) %iarccos[ap(xi)ao(xi)+BP(xi>BQ(xi)+vp(xi)yo(xi)]

ST8T 0<Dg,(P,Q)<n.

AP MeATDR

DNS(P,Q)=égarccos[ap(xi)%(xi)+Bp(xi>BQ(xi>+yp(xi)vQ(xi>]

ST8T 0<D,(P,Q)<n.

afwrer A R R P ={(oBy):i=1.23,..n) @ik P, ={(a,;.B,):i=1.2,3,..n)
DI A YISANTRIT RS AR & Fgzad &1 W;, j df Och bl goid (weight) 8, I

0<w;<1aR X, w, =1, w=(w,,w,,..w,)" @ P, 3R P, &9 B 4RI AP MR
0 (Weighted Normalized Spherical Distance) @1 1 TR ¥ URWINT fdHam ST @:

2 n
D (P,P) = EZWJ arccos[cxljoc2j +B,By; + yljyzj] (6)

=1

SqleNul 2:

A e 5 P, ={(0.6,0.3),(0.8,0.2),(0.5,0.4)} 3R P,={(0.7,0.2),(0.7,0.3),(0.9,0.1)},
QI USRI RS FHTA ©, AR S gch & ol $l Aae w=(0.2,0.5,0.3)" R Y & |

Al P, 3R P, & 19 &I 9IRT MATBR g3 (Weighted Spheical Distance) D (P,,P,) = 0.0499
g

Ig—ues Fofas wawet @ fay <iftaw ugfa

9 TS H, B9 gg—AMGs MUdd AR W AR &1, 381 99X 4 [fgd SFeRT Bl
UTGATIRG 3R Al & U H fordn T &, 3R 394 FHT Pl 8l PR & (oY &4 MellbR
R A A & ST T |

T fb A={v,,v,, vy, v, ), (m22) fAHe (alternatives) BT U Aqzad & AR

C={C,C,,C;,...C,},(n>2) AFESI (criteria) BT Vb THE B 1 W =(W,,W,,W,..,w,)" R
Afee (wight vector) &, ST8T W,j —d AMGs BT UR & | A 81, 0<w,; <1 3R X w,=1. 719
SISy i UTSRINGA 3Rthe Ry <ocij,l3ﬁ> i—d fdwed & fay j—d AFGS & Jedid A
(assessment value) P ST &, FAfq Cj(Vi)=<0ﬁij,l31j> S8l o, i—d fdeed & oy j—d wes
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@I AR BIC (membership degree) AR By, i—d fddbey & oy j—d AFGEE P I BIfS

(non—membership degree) @I ol 8| R =(CJ—(Vi))
(Pythagorean fuzzy decision matrix) @1 S2dT 2 |

qSANTNIA e ol aregs

mxn

<a11an> <OL127312> <a’1n’Bln>
R = <OL21,B21> <OL22,B22> <a2n’B2n>
<ocm1, m1> <am2,Bm2> <ocmn,[3mn>

yarfaa fafer «1 ufsar

9 fafy & Ja9 USd USUTINGT oNgE WHRIEE 3Mey B 3R USARTRIT T
THRIHD TG & DI IO Bl Sl & | R, TP fddhey &1 g9 aHI A AHRIG ATATDR
R G DI SR 2 | IaeTd, Soad & RIgid &l STINT &xa f[Adbed] &1 el Hdbedn o
BT IO D I 2| AT H, T NG B MR W fIdmeal @t HHT @ T 7 MR Fa st
fiwed (Sxcaq ge1) AT T 2|

A9 SfifSTg J, oM AFGES (benefit criteria) &1 Ud Tz & 3R J, NI AMGES (cost
criteria) BT Y% Ao ¥ | 9 &G C,(v,) B AU ¥R B S(C,(v,)) srd fbar o 2 |

gD TSI | UIRANIRIT 3RHT AHRIHS A &, v+ 3R UBATIRIT JRFE ABRIHD
AT &, - B T FrferRad g3l &1 STANT aRa & I 8

vt ={Cj,maX(S(Cj(Vi)))|j=1,2,3,...,n} 7)

v ={Cj,min(S(Cj(Vi)))|j=1,2,3,...,n} (8)

% fdhed (alternative) ¥ UISARTNIA GE ABRIHED 3G T 3R URARTNIA IGE
THRIHAD 3G & dP B AMRIPG NABR G I TOET & SRl | [ved v, 4
USRI IR FHRIHAD 3G Tl TAT UISATINIT IREHE THRIHD MG F qh Dl WIRA
ARG MATBR G, Dy (v,,v") TAT Dy (v,,v") DT 9 33 gRT e fobar oirar 2

Dys (V13V+ ) = iDNS (Cj(Vi)st(V+))
j=1
= iZn:vvj arccos(ocij(xj+ +B,B7 +vyv] ) 9)

nrw j=1

Das (¥ )= 2 Ds (€. Cv)
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23 _ - -
= Ezwki arccos a0t} + BB} +7,7; ) (10)
=

S8l 1=1,2,3,....,n.
Sifterd & Rigid & IR AR el a9y fAved x, & g ara Dy (vi.v*) &1 7 o
forefy oY farerey x; o forg ued Dyg (v;,v*) H & |a BYeT &1, T Dy (v, v ) 1 A1 3 farehy

Al fahed x; & forg o Dy (v;,v7) § &\ Bler 1 a1 v, ® 3y |l Ricpedl # Wy 8

HET ST & | fdded x, @1 UISAUTINGT 3RpE AHRIHD ATGY 8ol AR UTSANTRIT RGBT

THRIHSD 3MMeel B & ATUe], AU Mebear ol &1 ToET <ifead fafd & g Rigid &1 Suan
IxG ffaiad g & & oI § |

Dys(vi,v7)
D, (V;, V7 )+ Dy (v, V") (a1
HRNET fFepedr Ioid a1 FIed gadbie (revised index) T ¢(v,) | ST ST B, BT
ST fawedi @1 ST (ranking) FRiRT &==1 & forg favar Smmar 8, < fafafRaa 2:

RC(v,)=

Dys(vi,v) Dys(vi, V')

C(Vi) ) Dmax (Vi’V_) Dmin (Vi’V_) (12)

Sei D, (vi,v)= max{DNS(vi,V’):iz 1,2,3,...,n}

@I D, (v, V) =min{D(v,,v):i=1,2,3,...n} . RC(v,) A ¢(v,) B SR A1 & SR
R fAU T fadmeai ot T & Sl B, iR $eaH 8 (optimal solution) W faar SITaT & |
TATIReA (Algorithm):

X SU—AFHTT ¥, Ig—HMGS (U B FHRT Bl & BRI & oY Teb TANREA (algorithm)
f&am = 2| I veniReA fr=iforRad arol S aRar &

aROT 1: f01F Y@ (Decision Matrix) 1 FHIOI: USATIRY 3RGe AR & A1
qg-rds Fofae @ @ forg, v foka srege R =(C (v,)) ot fomfor foar smar 81 @i,
C,(v;) fdpeu v, &1 AFes C; & HdY H HoIIdh (assessment) DI ST 2 |

IROT 2: UISATIRIT TGS ADRIHD 3163 & 3R UISATIRIA JTHT ADRIHD
AT B DI VAL IHR AR BT ITART dxd I Q1 FeiRd & Sl 21

TROT 3: AIRT MATHR G DI TVET: FHIGIT (9) 3R (10) BT ITINT B, IS fddhed
v, @ PyFPIS (v*) 3R (v7) & WIRT MeATHR X @ T0ET BT Il 2 |
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I 4: A& Fracar JAR Gfea feedr &1 oM FHER0 (11) 3R (12) & STIRT
v, famed 1 Aer fbedr (RC(v,)) 3R Weferd Meedr (G(v;)) @1 oMl @1 7l & |

X1 5: fdpcul @1 P v walaw fAeey &1 Tu4: RT 4 ¥ U AU Fdear
(RC(v,)) 3R | fFrepedr (E(v,)) @ SR WR fdedl @I & (rank) f6AT ST 81 RC(V,)
AT ¢(v,) BT A RITT 9T 81T, BIS fAded v, I 81 31f¥d a8+ (desirable) BT | 39 UHR

|IH g8 RC(v,) AT £(v,)(i=1,2,3,...,m) dTel fdhed BI G (best) fdhed & & # A1 ST
=

FLSIR D IS T RS

FrAforRad ISTERYT H, U UTed, Vs SUYd WICHIF TRIGHT d18dl & | SHS U U9 Jies
WEHH & 6T 8 v,,v,,v,,v, 3R v, | $74 I U WP WIe & oIy, 98 IR Hucs!
(criteria) TR fd9R &RAT 8: B (cost) (C,), DFRT (camera) (C,), ¥ (RAM) (C,), 3R I
(battery) (C,) | 39 AIUGS] & MR W, Udh USARTRIT J¥EE 079 M8 (decision matrix)
(arferpr 1) = m T &, o fAferRad ®

arferat 1: faffi=1 ATUESl @& MER WR, U@ UISATIRIA 3Rge o i@ (Pythagorean
fuzzy decision matrix) &1 foior

e — T DI A EEAY
El'l'tc'R:[ Cl C2 C3 C4

v

vy <0.7,0.3> <0.6, 0.4> <0.7, 0.6> <0.8, 0.3>
V) <0.6, 0.5> <0.5, 0.6> <0.6, 0.4> <0.7,0.5>
V3 <0.5, 0.5> <0.8, 0.4> <0.7,0.3> <0.7, 0.4>
vy <0.5, 0.3> <0.6, 0.7> <0.6, 0.2> <0.5, 0.6>
Vs <0.4, 0.6> <0.8, 0.1> <0.5, 0.5> <0.7,0.3>

Stel (0.7,0.3) I <uin & fb fabeq v, B €, Bl fbaeT G dRam 8 3R e
I Pl 2| I8 A gy f% B BT DT (camera), X (RAM) iR 93 &Har (battery
capacity) &R A0S (benefit criteria), J, ={C,,C,,C,} g, 3R B &I HHd (cost) AN
HYES (cost criteria), J, ={C,} €| 3 UBR, oI oId 0T HA I T, XA R 48 &
DI AMTHTH DI DI PRI DI ST 2, ST BIF DI DI DI YATH B DI BRI B ST
2| S dIe, USRI RGBS FHRAD 3MMae B (v') 3R URANTRIT RGBT THRIHD

ameet g (v7) B IO B I B

v ={(0.4,0.6),(0.8,0.1),(0.7,0.3),(0.8,0.3)}

v ={(0.7,0.3),(0.6,0.7),(0.5,0.5),(0.5,0.6)}
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R, et 2 3 U [Aded (v,) 1 59 FBHRIHD IR THRIAS 3M&e Bl I IR
MATHR G BT T BT S 2|

darferat 2: fafr=1 faseu (v,) & GBRIAD AR THRIHS AR g 4 ARG

MelfdrR
DNS(vi’V+) Dns(vi,V)
|2 0.0550 0.040
v, 0.048 0.033
V3 0.026 0.049
V4 0.065 0.026
Vs 0.012 0.063

3fd #, arferer 3 H gD fAbed (v,) @1 Aver Frvedr (RC(v,)) SR weifed feed
(&(v))) T 1 S 2

arfadr 3: fafr=1 faseu (v,) o1 we feear (RC(v)) R Wit Fraedar
(&v))

RC(v)) (Rank) € (v) (Revised rank)
2 0.421 -3.948
v, 0.407 -3.476
V3 0.653 -1.388
2 0.285 -5.003
Vs 0.840 0

el 89 <d © fd, AU Mdedr (Relative index), RC(v,) & AR, fddedi &1 b
(ranking) 39 UBR & v, >v, >v, >V, >v,, N0 A v, T4 37207 [Aded 2| grelifd, Aenfed
JABIP, {(v,) B AR, fabed B (BT 4 ISR & v, > v, >v, >v, >v, | Tel A, Fa <07
faeq v B

foepd @R afasy 1 Faraay

TR O UF W, USATIRIA e FHzadl 3iR 371ee g1 &l FHM & JAER IR Gl
% DI qhb-id (TOPSIS) & AT MeAdR T A9+ A &1 AT e FAICHhIA a3+ o]
TR P T B BT U AT IR YA dRIBT AT AT 2, S IHRFIAT BT Wi w4
{ Fretax fofa o 3 Aeg orar 7| sy # 39 Ay @1 &R uRwpa far o daar 21 59
AT a1 AT RIET S &3 H SR ST AhdT & | 98 STl GHaI IR S9! AT 6T UXIeor
forar ST | 2|
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Alphabetically sorted terminology in JoteTeT Eiﬂiﬁﬁﬂ STl
b yEnglish ® fe=d
Decision Matrix g amegE
Fuzzy set IhHT Az
Hesitation degree T B DI
Imprecision Wﬁ{ﬂ@?ﬂ
Indeterminacy feRiar @1 dife
Intuitionistic Fuzzy sets EREIREIEL 3G Az Y
Membership degree ARl I
Multi Criteria Decision Making gE—HGS ORI
Non-Membership degree NGl BIfS
Normalized Spherical Distance HATITHA TTATHR X
Pythagorean Fuzzy Number ISATTRYT RS ]
Relative Closeness Coefficient el fhedr YN
Revised Closeness Coefficient HANET Fevear qond
Spherical Distance Measurement USIEANEUKIES
Test of order of preference by similarity to e B ®I FHAMAT & AR R aRIgdl
ideal solution (TOPSIS) HH BT db-Th
Weighted Normalized Spherical Distance ARG ARG TATHR R0
<
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