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lkjka’k

;g 'k¨/k i= ifjogu leL;k ds çfry¨e laLdj.k d¨ gy djus dh ,d fof/k çLrqr djrk gSA ,d
ifjogu leL;k ij fopkj fd;k x;k gS vkSj fn, x, lqlaxr gy d¨ b"Vre cukus ds fy, bldh ykxr d¨
;FkklaHko de lek;¨ftr fd;k gSA gekjs nkos dh iqf"V djus ds fy, var esa ,d mnkgj.k fn;k x;k gSA

Abstract

This research paper presents a method to solve the inverse version of transportation problem-
A transportation problem is considered and adjusted its costs as small as possible to make the

given feasible solution to an optimal one- An example is given at the end to validate our claim-

eq[; 'kCn% izfry¨e b"Vrehdj.k] ifjogu leL;k] la’k¨f/kr forj.k fof/k

Key Words: Inverse Optimization] Transportation Problem] Modified Distribution Method

ifjp;

okLrfod thou dh fofHkUu leL;kvksa d¨ xf.krh; ç¨xzkeu leL;k ds :i esa rS;kj fd;k tk ldrk
gS vkSj mi;qDr rduhd¨a dk mi;¨x djds gy fd;k tk ldrk gSA tc Hkh ge bu leL;kvksa d¨ xf.krh;
:i ls fu#fir djrs gSa] r¨ ;g ekuk tkrk gS fd leL;k ls tqM+s lHkh çkpy lVhd :i ls Kkr gSa vkSj
ge ,slk lek/kku <wa<uk pkgrs gSa t¨ çkpy¨a ds orZeku ewY; ä ds fy, b"Vre g¨A gkyk¡fd] O;ogkj esa] ,slh
dÃ fLFkfr;k¡ g¨rh gSa tc ge bu izkpyksa ds ckjs esa cgqr vf/kd fuf’pr ugha g¨rs gSa ;k gekjs ikl bu çkpy ä
ds dsoy dqN vuqeku g¨rs gSa] ysfdu voy¨du] ç;¨x ;k iwoZ vuqHko ä ls gesa bu leL;kvksa dk gy Kkr
g¨ ldrk gSA Kkr gy fn, x, çkpy ä ds orZeku ewY; ä ds fy, b"Vre g¨ Hkh ldrk gS vkSj ugha Hkh] blfy,
gesa fn, x, gy d¨ b"Vre cukus ds fy, bu çkpy ä d¨ lek;¨ftr djus dh vko’;drk gSA bl leL;k
d¨ çfry¨e leL;k ekuk tk ldrk gS] ysfdu tc Hkh ge b"Vre ds ckjs esa ckr djrs gSa] r¨ ge ges’kk
loksZÙke gy dh ryk’k esa jgrs gSa ;kuh çkpy ä dk lek;¨tu U;wure g¨uk pkfg, ;k blds ihNs tqM+h ykxr
U;wure g¨uh pkfg,A

bl çdkj ,d b"Vrehdj.k leL;k esa ge ykxr xq.kkad ¼c½] nk,a i{k dk lfn’k ¼b½ vkSj çfrcU/k
eSfVªDl ¼A½ ds ewY; ä d¨ ns[krs gq, fu.kZ; pj ¼x½ ds ewY; ä d¨ Kkr djrs gSaA çfry¨e b"Vrehdj.k leL;k
esa fu.kZ; pj ¼x½ ds ewY; ä d¨ ns[krs gq, ykxr xq.kkad ¼c½] nkÃa vksj ds lfn’k ¼b½ vkSj ck/kk eSfVªDl ¼A½

'kks/k i= / Research Paper
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ds ewY;¨a dk vuqeku yxkrs gSaA lkekU;r;k] ,d çfry¨e b"Vrehdj.k leL;k mu çkpy ä ¼ykxr] {kerk]
;k=k le;] vkfn½ ds ewY; ä d¨ [k¨tuk gS t¨ fn, x, lek/kku d¨ b"Vre cukrs gSa vkSj t¨ fn, x, çkpy ä
ls ;FkklaHko de ls de fHkUu g¨rs gSaA

xf.krh; ç¨xzkeu  leL;k ds çfry¨e b"Vrehdj.k gsrq ,d egRoiw.kZ ;¨xnku vkgwtk vkSj vkWjfyu

[1] dk FkkA mUg äus loZçFke ;g fl) fd;k fd jSf[kd ç¨xzkeu leL;k dh l
1
 o l  u‚eZ ds vUrxZr çfry¨e

leL;k Hkh jSf[kd ç¨xzkeu leL;k dh g¨rh gS gkyk¡fd >kax vkSj fy;w [3] us lcls igys çfry¨e jSf[kd
ç¨xzkeu leL;k d¨ çkIr fd;k gS vkSj gqvkax vkSj fy;w [2] us Hkh ogh ifj.kke çkIr fd, gSa] ysfdu vkgwtk
vkSj vkWjfyu }kjk mi;¨x fd;k tkus okyk ǹf"Vd¨.k vf/kd O;kid gS vkSj bldk mi;¨x dÃ çfry¨e
b"Vrehdj.k leL;kvksa d¨ gy djus ds fy, fd;k tk ldrk gSA g~;wcxZj] lh [4] us fofHkUu çfry¨e
leL;kvksa] mudh fof/k; ä ,oa ifj.kke¨a d¨ ladfyr :i ls çLrqr fd;kA tSu ,oa vk;Z [5 &10] us fofHkUu
xf.krh; ç¨xzkeu leL; ä tSls {kerk;qDr ifjogu leL;k] fHkUukRed jSf[kd ç¨xzkeu leL;k] f}?kkr
ç¨xzkeu leL;k ,oa fHkUukRed ifjogu leL;k bR;kfn ds çfry¨e b"Vrehdj.k e‚My çLrqr fd;sA
tyhyt+knsg] gkesnkuh [11] vny[kk] d¨okykLdh [12]  }kjk f}?kkr ifjogu leL;k gsrq çfry¨e e‚My
ij dk;Z fd;k x;kA

ifjogu leL;k

ifjogu leL;k ,d LFkku ¼ftls ewy LFkku dgk tkrk gS½ ls nwljs LFkku ¼ftls xarO; dgk tkrk gS½
rd eky Hkstus dh ykxr d¨ de djuk gS] rkfd çR;sd vkxeu {ks= dh t+:jrsa iwjh g ä vkSj çR;sd f’kfiax
LFkku viuh {kerk ds Hkhrj lapkfyr g¨A

;fn ogk¡ m dkj[kkus ;k mRiknu la;a=] P
1
] P

2
] ---] P

m
 gSa] t¨ ,d fuf’pr oLrq dh vkiwfrZ djrs gSa]

vkSj ogk¡ n ckt+kj ;k x¨nke] W
1
] W

2
] ---] W

n
 gSa tgk¡ bl oLrq dh vkiwfrZ dh tkuh gSaA mRiknu la;a= P

i

oLrq dh ek=k a
i
 ¼i = 1] 2] …] m½ mRiUu djrk gS] vkSj x¨nke W

j
 d¨ oLrq dh ek=k b

j
 ¼j = 1] 2] …]

n½ çkIr djuh gSaA eku yhft, fd P
i
 ls W

j
 rd oLrq dh ,d bdkÃ ds ifjogu dh ykxr c

ij
 gS vkSj P

i
 ls

W
j
 rd ifjogu dh xÃ oLrq dh ek=k x

ij
 gS] r¨ ,d ifjogu leL;k bl çdkj rS;kj dh tk ldrh gS:

U;wure m n
i 1 j 1 ij ijz c x ,   

O;ojks/k n
j 1 ij ix a , i 1,2,...,m   

m
i 1 ij jx b , j 1,2,..., n   

rFkk ijx 0, i 1,2,...,m, j 1,2,...,n,   

;gk¡ i ja b  

bl leL;k dk lkj.khc) fu#i.k bl çdkj gS:
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rkfydk&1 ifjogu leL;k

X k k snke→ 

dkj[k ku s↓ 
W1  W2  ⋯ Wn miyC/ kr k  

F1  
𝑐11 

𝑥11  

𝑐12 

𝑥12  
⋯ 

𝑐1𝑛  

𝑥1𝑛  
𝑎1 

F2  
𝑐21 

𝑥21  

𝑐22 

𝑥22  
⋯ 

𝑐2𝑛  

𝑥2𝑛  
𝑎2 

⋮ ⋮ ⋮ ⋮ ⋮ 
 

⋮ 

Fm 
𝑐𝑚1 

𝑥𝑚1 

𝑐𝑚2 

𝑥𝑚2 
⋯ 

𝑐𝑚𝑛  

𝑥𝑚𝑛  
𝑎𝑚  

vko’;drk  𝑏1  𝑏2 ⋯ 𝑏𝑛  

෍𝑎𝑖

𝑚

𝑖=1

 

=෍𝑏𝑗

𝑛

𝑗=1

 

 izLrkfor fof/k

pj.k&1 la’k¨f/kr forj.k ¼MODI½ fof/k dk mi;¨x djds nh xÃ ifjogu leL;k d¨ gy djsaA

pj.k&2 ;fn *
ijx  b"Vre gy gS] vkSj eku yhft, A*] *

ijx  ds laxr lwpdkad¨a ¼i]j½ ds t¨M+s dk

leqPp; gS] vFkkZr] A* = {¼i]j½@ *
ijx >0}

pj.k&3 ;fn 0
ijx  fn;k x;k lqlaxr gy gS] vkSj eku yhft, fd A0] 0

ijx  ds laxr lwpdkad ä ¼i]j½ ds

t¨M+s dk leqPp; gS] vFkkZr]  0 0
ijA (i, j) / x 0 

pj.k&4 A0@A* dh x.kuk djsa] tgk¡ A0@A*] A0 ds mu lwpdkad¨a ds lsV d¨ n’kkZrk gS t¨ A* esa

ugha gSa] vFkkZr] A0@A* = 0 *{(i, j) / (i, j) A ,(i, j) A } 

pj.k&5 çR;sd 0 *(i, j) A / A  ds fy, ij ij i jc c u v    dk mi;¨x dj ijc  Kkr djsaxs tgk¡ c
ij
 bdkÃ

ifjogu ykxr gS vkSj la’k¨f/kr forj.k fof/k esa vafre ifjogu rkfydk esa çkIr b"Vre }Sr pj gSaA

pj.k&6 la’k¨f/kr ykxr dh x.kuk djsaxs

0 *
ij ij*

ij 0 *
ij

c c , (i, j) A / A
d

c , (i, j) A / A

     
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n`"VkUrh; mnkgj.k

fuEu ifjogu leL;k d¨ çfry¨e b"Vrehdj.k dh lgk;rk ls gy dhft;s&

rkfydk&2

 

rd → 

ls ↓ 

xarO; 

miyC/krk ↓ 
D1 D1 D1 

vkjaHk LFkku 

O1 16 20 12 200 

O2 14 8 18 160 

O3 26 24 16 90 

ek¡x → 180 120 150 ;ksx = 450 

;fn x0 = {x
11

=180] x
13

=20] x
22

=120]   x
23

=40] x
33

=90} fn;k x;k lqlaxr gy gS r¨ gesa bl
lek/kku d¨ b"Vre cukus ds fy, la’k¨f/kr ykxr Kkr djuh g¨xhA ftlds pj.k bl çdkj gSa:

pj.k 1- la’k¨f/kr forj.k fof/k dk mi;¨x djds leL;k dk lek/kku djrs gq, ge fuEukuqlkj vafre
ifjogu rkfydk çkIr djrs gSa:

rkfydk 3&la’k¨f/kr forj.k fof/k dk mi;¨x djds ifjogu leL;k dk b"Vre gy

16 

(140) 

20 

 

10 

12 

(60) 

 

 

u1 = 0 

 14 

(40) 

 

8 

(120) 

18 

 

8 

 

u2 = -2 

26 

 

0 

24 

 

10 

16 

(90) 

52 

 

u3 = 4 

v1 = 16 v2 = 10 v3 = 12 

 

Z = 5920 
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tgka u
1
] u

2
] u

3
] v

1
] v

2
] v

3
] v

4
 b"Vre n¨gjs pj gSaA ifjogu rkfydk esa d¨f"Bdkvksa ds fupys nk,a d¨us

ij fy[kh la[;k,a ijc  d¨ n’kkZrh gSa vkSj x* = {x
111

=140] x
13

=60] x
21

=40] x
22

=120]   x
33

=90} U;wure

ifjogu ykxr 5920 ds lkFk b"Vre gy gSA

pj.k&2 b"Vre gy x* = {x
11

=140] x
13

=60] x
21

=40] x
22

=120] x
33

=90} ds laxr A* = {¼1]1½]
¼1]3½] ¼2]1½] ¼2]2½] ¼3]3½} Kkr djsaxs

pj.k&3 fn, x;s lqlaxr gy x0 = {x
11

=180] x
13

=20] x
22

=120] x
23

=40] x
33

=90} ds laxr A0 =

{¼1]1½] ¼1]3½] ¼2]2½] ¼2]3½] ¼3]3½} Kkr djsaxs

pj.k&4 0 0 *A / A* {(i, j) / (i, j) A ,(i, j) A } {(2,3}     Kkr djsaxs

pj.k&5 23c =c
23
&u

2
&v

3
 = 18 $ 2 & 12 = 8

pj.k&6 la’k¨f/kr ykxr ä dh x.kuk djsa

*
23 23 23d c c 18 8 10    

MODI fof/k dh lgk;rk ls la’k¨f/kr ifjogu leL;k dk b"Vre lek/kku fuEufyf[kr ifjogu
rkfydk esa fn[kk;k x;k gS:

rkfydk&4: la’k¨f/kr ifjogu leL;k dk b"Vre lek/kku

16 

(180) 

20 

 

10 

12 

(20) 

 

 

u1 = 12 

 14 

 

0 

8 

(120) 

10 

(40) 

 

 

u2 = 10 

26 

 

0 

24 

 

0 

16 

(90) 

 

 

u3 = 16 

v1 = 4 v2 = -2 

 

v3 = 0 

 

 

Z = 5920 

Li"V :i ls] çR;sd [kkyh d¨f"Bdk ds fupys nk,a d¨us ij fy[ks x;s lHkh eku ¼ ijc ½ v_.kkRed gSa]

t¨ n’kkZrs gSa fd x0 la’k¨f/kr ifjogu leL;k dk ,d b"Vre lek/kku gSA
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'k¨/k i= esa ç;qDr vaxzst+h 'kCn¨a dh lekukFkZd fganh 'kCnkoyh

Alphabetically sorted 

Terminology in English 

o.kZekyk vuqØfer lekukFkZd fganh 

'kCnkoyh 
Cell dksf"Bdk  

Feasible Solution lqlaxr gy 
Inverse Optimization izfrykse b"Vrehdj.k  

Optimal b"Vre 
Transportation Problem ifjogu leL;k  

Validate iqf"V djuk  
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