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lkjka'k

fiMwjdj ,oa vU; us o"kZ 2021 esa ,sls vkO;wg ä dh d¨fV ¼Rank½ Kkr djus ds lw= çfrikfnr fd;s
ftUgsa mijh f=Hkqtkdkj vkO;wg ¼Upper Triangular Matrix½ esa ifjofrZr djus ds ckn çkIr vkO;wg esa dqN
iafDr;k¡ ;k r¨ le:i g¨ ;k dqN iafDr;k¡ fdlh nwljh iafDr ds vfn’k xq.ku ¼Scalar Multiple½ ds :i
esa g¨ | fdUrq 'k¨/kdrkZvksa us dqN fof’k"V çdkj dh vkO;wg ä ij gh bu lw= ä dh tkap dj lHkh çdkj dh
vkO;wg ä ds fy, bu lw= ä ds ykxw g¨us dk nkok dj fn;k | bl 'k¨/k i= esa] ge fiMwjdj ,oa vU; }kjk
çfrikfnr lw= ä dh lhekvksa rFkk dfe;¨a dh vksj /;ku vkdf"kZr dj jgs gSaA

Abstract

In the year 2021, Pidurkar et al proposed formulae to find the rank of such matrices which
after converting into an Upper Triangular Matrix (UTM), some rows are either identical or some
rows are similar to some other row in the form of scalar multiple. But the researchers examined
these formulae only on some specific types of matrices and claimed that these formulae are applicable
for all types of matrices. In this research paper, we are drawing attention towards the limitations
and shortcomings of the formulae propounded by Pidurkar et al.

eq[; 'kCn % vkO;wg dh d¨fV] l¨ikud :i] mifj f=Hkqtkdkj vkO;wg] jSf[kd chtxf.kr] lfn’k lef"V

Keywords : Rank of a matrix, Echelon form, Upper Triangular Matrix, Linear Algebra, Vector
Space

ifjp;

jSf[kd chtxf.kr ¼Linear Algebra½ esa] fdlh vkO;wg dh d¨fV blds LraHk ä ls tfur lfn’k lef"V
¼Vector Space½ dh foek g¨rh gSA ;g ml vkO;wg ds jSf[kdr% Lora= ¼Linearly Independent½ LraHk ä dh
mfPp"B ¼Maximal½ la[;k ds laxr g¨rh gSA blh çdkj ge ;g Hkh dg ldrs gSa fd fdlh vkO;wg dh d¨fV

'kks/k i= / Research Paper
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bldh iafDr; ä }kjk foLrr̀ lfn’k lef"V dh foek ds loZle g¨rh gSA vr% fdlh Hkh voLFkk esa fdlh vkO;wg
dh d¨fV ml vkO;wg esa fo|eku iafDr; ä rFkk LraHk ä dh la[;k ls vf/kd ugha g¨ ldrhA foKku ds fofo/k {ks= ä
esa fdlh vkO;wg dh d¨fV ls lEcaf/kr vuqç;¨x ǹf"Vxr g¨rs gSaA bldh lgk;rk ls jSf[kd lehdj.k fudk;
dk gy vklkuh ls Kkr fd;k tk ldrk gSA fdlh jSf[kd lehdj.k fudk; dh laxrrk@vlaxrrk
¼Consistency/Inconsistency½ dh igpku vklkuh ls lqfuf’pr dh tk ldrh gSA e;wjh ,oa vU; [3] us
lekurk ds dkjd ä ds fo’ys"k.k ,oa l?ku chtxf.kr ¼Dense Algebra½ dh leL;kvksa ij muds çHkko dk

v/;;u fd;kA dSEicsy ,oa vU; [1] us vius 'k¨/k dk;Z esa ;g crk;k fd fu;a=.k fl)kar ¼Control Theory½
esa fdlh vkO;wg dh d¨fV dk ç;¨x dj jSf[kd fudk; ds fu;a=.k ;¨X; vFkok fopkj ;¨X; g¨us dh tkap dh
tk ldrh gSA

fdlh vkO;wg dh d¨fV ¼i½ milkjf.kd fof/k ¼Method of Minor½ }kjk] ¼ii½ l¨ikud :i ¼Echelon

Form½ }kjk] vFkok ¼iii½ çlkekU; :i ¼Normal Form½ }kjk Kkr dh tk ldrh gSA ;s lHkh çpfyr fof/k;ka
gSaA buesa ls milkjf.kd fof/k mPp Øe ds vkO;wg ä ds fy, O;ogk;Z ugha ekuh tkrh gS D; äfd bl fof/k ls d¨fV
dh x.kuk djus esa le; T;knk yxrk gS rFkk x.ku fØ;k Hkh Fk¨M+h tfVy g¨rh gSA mij¨Dr rhu ä fof/k; ä esa
ls lcls vf/kd ojh;rk l¨ikud :i d¨ gh nh tkrh gSA bl fof/k esa çkjfEHkd iafDr :ikarj.k ä dk ç;¨x dj
fn, x, vkO;wg d¨ mifj f=Hkqtkdkj vkO;wg esa ifjofrZr fd;k tkrk gS mlds ckn çkIr mifj f=Hkqtkdkj vkO;wg
esa v’kwU; iafDr; ä dh la[;k ds vk/kkj ij vkO;wg dh d¨fV Kkr dh tkrh gSA

izkjfEHkd ladYiuk,¡

mifj f=Hkqtkdkj vkO;wg& ,d oxZ vkO;wg ijA [a ]  mifj f=Hkqtkdkj vkO;wg dgykrk gS ;fn

ija 0,i j  .

mnkgj.kkFkZ 

a b c

A 0 d e

0 0 f

 
   
 
 

l¨ikud :i & ,d vkO;wg l¨ikud :i dk dgk tkrk gS] ;fn

¼i½ çR;sd v’kwU; iafDr esa çFke v’kwU; vo;o bdkÃ g¨uk pkfg,A ¼;g 'krZ vko’;d ugha ekuh tkrh
gS½

¼ii½ vkO;wg A dh çR;sd iafDr] ftldk çR;sd vo;o 'kwU; g¨( ml çR;sd iafDr ds uhps fo|eku g¨xh
ftlesa de ls de ,d v’kwU; vo;o g¨A

¼iii½ fdlh iafDr esa çFke v’kwU; vo;o ds iwoZ 'kwU;¨a dh la[;k vxyh iafDr esa ,sls 'kwU; ä dh la[;k
ls de g¨rh gSA

l¨ikud :i ls fdlh vkO;wg dh d¨fV ml vkO;wg esa fo|eku v’kwU; iafDr; ä dh la[;k ds cjkcj g¨rh
gSA
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mnkgj.kkFkZ 

0 1 6 1

A 0 0 1 2

0 0 0 0

 
   
 
 

mij¨Dr vkO;wg l¨ikud :i esa gS ftlesa n¨ v’kwU; iafDr;k¡ gSA vr% bl vkO;wg dh d¨fV 2 gSA

fiMwjdj ,oa vU; }kjk çfrikfnr lw=

fiMwjdj ,oa vU; [4] us fdlh Hkh Øe ds ,sls vkO;wg ä ds fy,] ftuesa dqN iafDr;k¡ ;k r¨ le:i g¨
;k dqN iafDr;k¡ fdlh vU; iafDr ds vfn’k xq.ku ds :i esa fo|eku g¨( dh d¨fV Kkr djus ds fy, fuEu
lw= çfrikfnr fd;s |

lw= 1 &

vkO;wg dh d¨fV = mifj f=Hkqtkdkj vkO;wg esa v’kwU; iafDr; ä dh la[;k & {(mifj f=Hkqtkdkj vkO;wg

esa le:i iafDr; ä dh la[;k@mifj f=Hkqtkdkj vkO;wg esa vfn’k xq.kt okyh iafDr; ä dh la[;k) & 1}

lw= 2 &

vkO;wg dh d¨fV = vkO;wg esa iafDr; ä dh la[;k & {(vkO;wg esa le:i iafDr; ä dh la[;k@vkO;wg esa
vfn’k xq.kt okyh iafDr; ä dh la[;k) & 1}

fiMwjdj ,oa vU; }kjk çfrikfnr n¨u¨a lw=¨a dh dfe;ka

1- fiMwjdj ,oa vU; ds vuqlkj lw= 1 fdlh Hkh Øe dh vkO;wg ls çkIr mifj f=Hkqtkdkj vkO;wg ds
fy, ykxw fd;k tk ldrk gSA tcfd mifj f=Hkqtkdkj vkO;wg dsoy oxZ vkO;wg gh g¨ ldrk gSA

2- n¨u ä gh lw= ä esa dsoy vfn’k xq.ku dh ckr dh xÃ gS ¼tgk¡ k ,d vpj gS½A tcfd O;ogkj esa ,slk
ugha gS D; äfd ;fn k 'kwU; eku xzg.k djrk g¨ r¨ vkO;wg dh d¨fV bu lw= ä ds ek/;e ls Kkr fd;s tkus
ij fHkUu eku nsxhA vr% k v’kwU; vpj g¨uk pkfg,A

3- ;s n¨u ä lw= dsoy mUgha vkO;wg ä ij ykxw g¨rs gSa ftuesa çFke iafDr ,oa vafre LraHk ds vo;o ä ds
vfrfjDr 'ks"k lHkh vo;o 'kwU; g¨A tcfd mifj f=Hkqtkdkj vkO;wg esa ,slk ugha g¨rk gSA mifj f=Hkqtkdkj

vkO;wg dh ifjHkk"kkuqlkj vxzx fod.kZ ds uhps lHkh vo;o 'kwU; g¨us pkfg, fdUrq vxzx fod.kZ ds vo;o ä
dk 'kwU; g¨uk vko’;d ugha gSA 'k¨/kdrkZvksa us mifj f=Hkqtkdkj vkO;wg dh O;k[;k d¨ vius vuqlkj ç;qDr
fd;k gS t¨ fof/klEer ugha gSA

mnkgj.k

vc ge ,d n`"VkUrh; mnkgj.k ds }kjk gekjs }kjk nh tk jgh fVIi.kh d¨ le>kus dk ç;kl dj jgs
gSaA
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fuEu vkO;wg dh d¨fV Kkr dhft;s %

0 0 0 0 15

0 6 3 9 6
A

0 8 4 12 8

0 6 3 10 4

 
   
  
 

  

milkjf.kd fof/k : pw¡fd vkO;wg A ,d vk;rkdkj vkO;wg gS ftlesa 4 iafDr;k¡ rFkk 5 LrEHk gSA vr%
fn, x, vkO;wg dh d¨fV (A) min.(4,5) 

4 * 4 Øe ds lHkh milkjf.kd dk eku 'kwU; gSa vr% mij¨Dr vkO;wg dh d¨fV dk eku 4 ugha g¨
ldrkA vc ;fn 3 * 3 Øe ds fdlh Hkh ,d milkjf.kd dk eku v’kwU; çkIr g¨rk gS r¨ ge ;g dg ldrs

gSa fd vkO;wg dh d¨fV dk eku 3 gSA ;gk¡ 3 * 3 Øe ds ,d milkjf.kd 

3 9 6

4 12 8

3 10 4

 


 
 dk eku v’kwU;

çkIr g¨rk gS vr% bl vkO;wg dh d¨fV dk eku 3 g¨xkA

l¨ikud :i : fn;k x;k vkO;wg

1 2R R

0 0 0 0 15 0 6 3 9 6

0 6 3 9 6 0 0 0 0 15
A

0 8 4 12 8 0 8 4 12 8

0 6 3 10 4 0 6 3 10 4

    
        
      
   

      

1
1

R
R

6


3 3 1R R 8R 

1 3 1 3
0 1 1 0 1 1

2 2 2 2
0 0 0 0 15 0 0 0 0 15

0 8 4 12 8 0 0 0 0 0

0 6 3 10 4 0 6 3 10 4

         
   

    
                

4 4 1R R 6R  2 4R R

1 3 1 3
0 1 1 0 1 1

2 2 2 2
0 0 0 0 15 0 0 0 1 2

0 0 0 0 0 0 0 0 0 0

0 0 0 1 2 0 0 0 0 15
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4
4

R
R

15


3 4R R

1 3 1 3
0 1 1 0 1 1

2 2 2 2
0 0 0 1 2 0 0 0 1 2

0 0 0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0

         
   

    
   
      
   

2 2 3R R 2R 

1 3
0 1 1

2 2
0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

   
 

  
 
  
 

vc fn;k x;k vkO;wg l¨ikud :i esa lekuhr g¨ pqdk gS ftlesa v’kwU; iafDr; ä dh la[;k 3 gS vr%
fn, x, vkO;wg dh d¨fV 3 gSA

ijUrq ;fn blh mnkgj.k d¨ fiMwjdj ,oa vU; ds vuqlkj gy djus dk ç;kl djsa r¨ ifj.kke dh
oS/krk lR;kfir ugha g¨rh gS |

lw= 1 ds vuqlkj vkO;wg mifj f=Hkqtkdkj g¨uk pkfg, tcfd okLro esa lekuhr vkO;wg ,slk ugha gSA
lw= 2 ds vuqlkj

vkO;wg dh d¨fV = vkO;wg esa iafDr; ä dh la[;k & {(vkO;wg esa le:i iafDr; ä dh la[;k@vkO;wg esa
vfn’k xq.kt okyh iafDr; ä dh la[;k) & 1}

vr% vkO;wg dh d¨fV = 4 & {(0 & 1)} = 5

fu"d"kZ

fiMwjdj ,oa vU; }kjk fn, x, n¨u ä lw= dsoy dqN fof’k"V çdkj ds vkO;wg¨a ij gh ykxw g¨rs gSaA
bUgsa oSf’od Lrj ij lkekU;hÑr ugha fd;k tk ldrk gSA vr% fu"d"kZ ;g gS fd

¼i½ ;fn d¨Ã iafDr fdlh vU; iafDr dh vfn’k xq.kt g¨ r¨ og xq.kd ¼ekuk k½ v’kwU; okLrfod la[;k
g¨uk pkfg,A

¼ii½ mifj f=Hkqtkdkj vkO;wg g¨us ds fy, vkO;wg dk oxZ vkO;wg g¨uk furkar vko’;d gS |

¼iii½ fn, x, vkO;wg d¨ mifj f=Hkqtkdkj vkO;wg esa lekuhr djus ij ;fn çFke iafDr ,oa vafre LrEHk
d¨ N¨M+dj 'ks"k lHkh vo;o 'kwU; g¨ r¨ gh fiMwjdj ,oa vU; }kjk fn, x, lw= çHkkoh g¨rs gS vU;Fkk ughaA
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'k¨/k i= esa ç;qDr vaxzst+h 'kCn¨a dh lekukFkZd fganh 'kCnkoyh

Alphabetically sorted Terminology 
in English 

o.kZekyk vuqØfer lekukFkZd fganh 
'kCnkoyh 

Consistency / Inconsistency laxrrk@vlaxrrk 

Control Theory fu;a=.k fl)kar  

Echelon Form Lkksikud :i 

Linearly Independent jSf[kdr% Lora= 

Maximal mfPp"B 

Normal Form izlkekU; :i 

Scalar Multiple vfn’k xq.kt 

Upper Triangular Matrix mifj f=Hkqtkdkj vkO;wg 

Vector Space lfn’k lef"V 
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