
10

jSf[kd fHkUukRed fun'kZ esa vuko';d  
O;ojks/kksa dks fuxfer djus dk ,d LokuqHkfod mixeu
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lkjka'k %

jSf[kd fHkUukRed çksxzkeu leL;k (Linear Fractional Programming Problem)] lafØ;k foKku 
esa; lalk/kuksa dks fu;r djus rFkk O;kogkfjd b"Vre leL;kvksa dks gy djus ds fy, ,d vfr egRoiw.kZ 
çfof/k gS A ra= fo'ys"kdksa vFkok fofHkUu 'kks/kkfFkZ;ksa ds }kjk fo'ks"kr% tc o`gn~ jSf[kd fHkUukRed çksxzkeu 
fun'kksaZ dks vkdkj fn;k tkrk gS] rc dqN vuko';d O;ojks/kksa (Redundant Constraints) dh ml fun'kZ 
esa lfEefyr gksus dh laHkkouk jgrh gS A bu vuko';d O;ojks/kksa ds dkj.k fun'kZ ds gy fd;s tkus dh 
n{krk ,oa le; nksuksa çHkkfor gksrs gS A

;g 'kks/k i=] fdlh jSf[kd fHkUukRed çksxzkeu leL;k esa vuko';d O;ojks/kksa dks fpfUgr djus ds 
fy, ,d lk/kkj.k LokuqHkfod ,YxksfjFe (Heuristic Algorithm) çLrkfor djrk gS ftlls nh x;h 
leL;k dh foekvksa @O;ojks/kksa dks de fd;k tk lds A

eq[; 'kCn % jSf[kd fHkUukRed çksxzkeu] vuko';d O;ojks/k] ço.krk vkO;wg] fun'kZ leku;u A

ABSTRACT :

In the field of Operations Research, Linear Fractional Programming Problem is one of the 
most important technique to allocate resources and to solve practical optimization problems. 
When system analysts and different researchers deal specially with large-scale linear fractional 
programming models, there may be some possibility to include some redundant constraints in 
the problem. Due to these redundant constraints, the model will waste computation effort. 

This research paper proposes a simple heuristic approach to identify the redundant 
constraints in any linear fractional programming problem, from which the dimensions / 
constraints may be reduced. 

Keywords: Linear fractional programming, redundant constraints, gradient matrix, model 
reduction.

'kks/k vkys[k / Research Article
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ifjp;

fdlh jSf[kd fHkUukRed çksxzkeu fun'kZ dk 
la:i.k (Formulation) djrs le;] ra= fo'ys"kd 
,oa fofHkUu 'kks/kkFkhZ lHkh laHko O;ojks/kksa dks 
lfEefyr djus dk ç;kl djrs gS rkfd leL;k dk 
vuqdwy ifj.kke çkIr fd;k tk lds ;|fi muesa 
ls dqN O;ojks/k nh x;h leL;k ds b"Vre gy 
(Optimal Solution) ij ca/kd O;ojks/k (Binding 
Constraint) gks A mijksä O;ojks/kksa esa vuko';d 
O;ojks/kksa ds Hkh fo|eku gksus dh laHkkouk gksrh gS 
A bu vuko';d O;ojks/kksa dh mifLFkfr ls leL;k 
dh vfHkdyu {kerk ,oa le; nksuksa çHkkfor gksrs 
gS A ;fn ewy leL;k ls bu vuko';d O;ojks/kksa 
dks fpfUgr dj yksi dj fn;k tk;s rks b"Vre gy 
rd igq¡pus esa iqujko`fÙk;ksa dh la[;k dks cgqr lhek 
rd de fd;k tk ldrk gS A fdlh leL;k ls  
vuko';d O;ojks/kksa dk yksi djus dh bl çfØ;k 
dks fun'kZ leku;u (Model Reduction) dgrs 
gS A

LokuqHkfod çfof/k (Heuristic Technique) % 

LokuqHkfod çfof/k dks cgq/kk lk/kkj.kr;k 
LokuqHkfod Hkh dgk tkrk gS A ;g fdlh leL;k 
ds vf/kxe] gy djus vFkok [kkst djus dh ,d 
O;ogkfjd fof/k gS tksfd leL;k ds b"Vre (mís'; 
Qyukuqlkj vf/kdre vFkok U;wure) vFkok ;FkkFkZ 
gksus dh tekur ugha nsrh gS fdUrq vklUu y{;ksa 
dks çkIr djus ds fy, i;kZIr gksrh gks A

vuko';d O;ojks/k (Redundant Constraint) %

,d ,slk O;ojks/k ftldks lqlaxr gyksa ds 
leqPp; dks ifjofrZr fd;s fcuk fudk; esa ls 
gVk;k tk lds]vuko';d O;ojks/k dgykrk gS A  
vuko';d O;ojks/kksa ls vfHkçk; ,sls vojks/kksa ls 
fy;k tkrk gS ftudk lekos'ku fdlh xf.krh; 
çksxzkeu leL;k ds lqlaxr gy ds fy, vko';d 
ugha gksrk gS A vU; 'kCnksa esa] dksbZ ,d O;ojks/k 

nwljs O;ojks/kksa dh rqyuk esa vf/kd ca/kd O;ojks/k gks 
vkSj blh dkj.k ls bl O;ojks/k dks utj&vankt 
fd;k tkrk gks] vuko';d O;ojks/k dgykrk gS A

mnkgj.kkFkZ % fdlh jSf[kd çksxzkeu leL;k ij 
fopkj djrs gS %&

vf/kdre dhft;s Z = 3x1+ 5x2

O;ojks/k  2x1 + 3x2 ≤ 24
   x1 ≤ 9
   x2 ≤ 6 .........(1)
   x1 ≤ 5

rFkk   x1, x2 ≥ 0

bl jSf[kd çksxzkeu leL;k (1) esa O;ojks/k x1 
≤ 5 dh mifLFkfr ls O;ojks/k x1 ≤ 9 dh lkFkZdrk 
ugha jg tkrh gS D;ksafd fu.kkZ;d pj x1 dk dksbZ 
eku ;fn 5 ls NksVk gksxk rks fuf'pr :i ls og 
9 ls NksVk gh gksxk A vr% bl nh x;h jSf[kd 
çksxzkeu leL;k esa O;ojks/k x1 ≤ 9 ,d vuko';d 
O;ojks/k gS D;ksafd ;g nh x;h leL;k ds lqlaxr 
gy ij dksbZ çHkko ugha M+kyrk gS A

bl 'kks/k i= esa O;ojks/kksa dh ço.krk vkO;wg 
(Gradient Matrix) ls LokuqHkfod mixeu dk 
ç;ksx dj vuko';d O;ojks/k dks fpfUgr dj yksi 
djus dk ç;kl fd;k x;k gS A iwoZ esa fofHkUu  
'kks/kdrkZvksa ;Fkk eRFksbLl1 (1973)] czsvysZ ,oa vU;2 
(1975)] rsYxu3 (1983)] dkjok¡ ,oa vU;4 (1983)] 
vuksaZ cksusg ,oa vU;5 (1993)] LrksTdksfod ,oa vU;6 
(2001)] bvksLyksfop7 (2002)] lat; tSu ,oa vU;8 

(2003)] ikSyjkt ,oa vU;9 (2006) us xf.krh;  
çksxzkeu (Mathematical Programming)] jSf[kd  
çksxzkeu (Linear Programming)] jSf[kd  
fHkUukRed çksxzkeu esa le?kkr O;ojks/kksa 
(Homogeneous Constraints) dh ,YxksfjFe 
rFkk jSf[kd fudk; (Linear System) ds {ks= esa 
mYys[kuh; vuqlU/kku fd;k A blds i'pkr~ vjfoUn 
ckcw ,oa vU;10 (2011) us jSf[kd çksxzkeu fun'kZ esa  
vuko';d O;ojks/kksa dk yksi djus ds fy,  

,e- ,y- vxzoky ,oa vU;] ßjSf[kd fHkUukRed fun'kZ esa vuko';d O;ojks/kksa dks fuxfer djus dk ,d LokuqHkfod mixeuß



12

UGC-CARE Listed Journal ISSN : 1549-523-X, foKku izdk'k & foKku ,oa izkS|ksfxdh fjlpZ tuZy] o"kZ%18] vad 1&2] tu-&twu] 2020

LokuqHkfod mixeu dk ç;ksx fd;k A ;kfg;k11 
(2012) us oSdfYid lqlaxr (Alternate Feasible) 
vFkok vlqlaxr çkjfEHkd gy fcUnqvksa okyh  
jSf[kd iw.kkaZd çksxzkeu leL;kvksa (Linear 
Integer Programming Problems) dks gy 
djus ds fy, LokuqHkfod mixeu dk v//k;u f 
d;k A lqekfFk12 (2016) us vUr%[kafMr  
ekuksa (Intercepted values) ds lkFk jSf[kd çksxzkeu 
leL;kvksa dks gy djus dh fof/k dk fodkl fd;k A  
;ku- fDlu Dlw13 (2016) us tgkt fuekZ.k ds 
dkj[kkus esa dfVax LV‚d leL;k ds fy, ,d n{k 
LokuqHkfod mixeu dk mi;ksx fd;k A bxcy ,oa 
vU;14 (2017) us f}Hkktu ,YxksfjFe ij vk/kkfjr 
LokuqHkfod fof/k dk ç;ksx dj jSf[kd f=-Lrjh; 
çksxzkeu leL;kvksa dks gy djus dk foospu fd;k 
A ,LVhfuuxflg ,oa vU;15 (2018) us vuko';d 
O;ojks/kksa dks igpkuus ds fy, ysosyhu- fu;eksa 
rFkk LokuqHkfod fof/k dk rqyukRed foospu fd;k 
A ;bfDlu tgkvks ,oa vU;16 (2020) us iw.kkaZd 
çksxkeu ds LrEHk tfur fl)kar ds fy, LokuqHkfod 
[kkst fof/k;ksa dk v//k;u fd;k A

vuko';d O;ojks/kksa dk yksi djus ds fy, 
,YxksfjFe

m O;ojks/kksa rFkk n pjksa okyh ,d jSf[kd 
fHkUukRed leL;k ij fopkj djrs gS A

fuEure dhft;s Z ¾ (f(X))/(g(X))

O;ojks/k A X ¾ 0] ............ (2)

1 X ¾ 1] 

X ≥ 0

tgk¡ f(X) rFkk g(X) nksuksa jSf[kd vFkkZr~ 
,d?kkrh Qyu (Linear Function) gS A

pj.k 1 % jSf[kd fHkUukRed leL;k (2) esa fn, 
x, O;ojks/kksa A X ¾ 0] 1 X ¾ 1 rFkk X ≥ 
0 esa ls 1 X ¾ 1 dks ca/kd O;ojks/k vafdr 
djrs gS A

pj.k 2 % pj.k 1 esa vafdr ca/kd O;ojks/k 1 X ¾ 
1 dks gVkrs gq, 'ks"k O;ojks/kksa A X ¾ 0 rFkk

 X ≥ 0 dh lgk;rk ls ,d ço.krk vkO;wg 
cij= AT cukrs gS A

pj.k 3 % ço.krk vkO;wg cij= AT dh çR;sd iafä 
ds egÙke vo;o (Greatest Element) dks 
fpfUgr djrs gS A

pj.k 4 % ço.krk vkO;wg cij= AT dh çR;sd iafä 
ds egÙke vo;o ds vfrfjä 'ks"k vo;oksa 
ls lEcaf/kr O;ojks/kksa dks çeq[krk fl)kar 
(Principle of Dominance) ds vk/kkj ij 
vuko';d ekuk tkrk gS A

pj.k 5 % bu vuko';d O;ojks/kksa dk ewy leL;k 
ls vuafre :i ls yksi dj ,d vU; fun'kZ esa 
lekuhr fd;k tkrk gS A

pj.k 6 % bu vuko';d O;ojks/kksa dk yksi dj 
fn, tkus ls ewy leL;k dk vkdkj iwoZ dh 
vis{kk y?kq gks tkrk gS A ftlls vfHkdyu 
fd;s tkus dk le; rFkk n{krk nksuksa ij çHkko 
iM+rk gS A

pj.k 7 % bl çdkj vU; fun'kZ esa lekuhr leL;k 
dk gy vkys[kh; fof/k (Graphical method) 
(nks fu.kkZ;d pjksa dh voLFkk esa ) vFkok 
,d/kk çfof/k (Simplex technique) ;k vU; 
fdlh çpfyr fof/k ls Kkr fd;k tk ldrk gS 
;fn leL;k ds gy dk vfLrRo (Existence) 
gks A
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चरर् 5 : इि अिावश्यक व्यवरोधों का मूल समस्या से अिंखतम रूप से लोप कर एक अहय खिदर्श में 
समािीत क्रकया जाता ह ै| 

चरर् 6 : इि अिावश्यक व्यवरोधों का लोप कर क्रदए जािे से मूल समस्या का आकार पूवश की अपेक्षा 
लघु हो जाता ह ै| खजससे अखिकलि क्रकय ेजाि ेका समय तथा दक्षता दोिों पर प्रिाव पड़ता ह ै| 

चरर् 7 : इस प्रकार अहय खिदर्श में समािीत समस्या का हल आलेिीय खवखध (Graphical method) 

(दो खिर्ाशयक चरों की अवस्था में ) अथवा एकधा प्रखवखध ( Simplex technique) या अहय क्रकसी 

प्रचखलत खवखध से ज्ञात क्रकया जा सकता ह ैयक्रद समस्या के हल का अखस्तत्व (Existence) हो | 

Flow Chart 

                      START 

                                                                   Read Fractional  
                                                        Programming Problem 
   

                                                                 Mark 1X = 1            
                                                 as binding constraint               

             

                                 Make Cij from remaining constraints              

                                Mark max. element of each row of Cij     

                                    
                                Based on Principle of Dominance identify   
                                   Redundant constraints from Cij  
 
                                Prepare reduced model by eliminating  
                                            redundant constraints 
 
                                          Solve the new reduced  
                              FPP by any existing method, if exists 
 

                                                      STOP 

 
–"VkUrh; mnkgj.k

,d jSf[kd fHkUukRed çksxzkeu leL;k

fuEure dhft;s 

Z = (2x1 + 2x2)/(x1+x2 +1)
 O;ojks/k x1+3x2 =0
  2x1 +x2 =0
  9x1 +8x2 =0 ...............(3.1)
  3x1 +5x2 =0
  x1+x2 =1

 rFkk x1, x2 ≥0

jSf[kd fHkUukRed çksxzkeu leL;k (3-1) esa 
O;ojks/k x1 + x2 ¾1 dks ca/kd O;ojks/k vafdr djrs 
gS A

ço.krk vkO;wg  

6 
 

3. दषृ्टाहतीय उदाहरर् 

एक रैखिक खिन्नात्मक प्रोग्रामि समस्या  

खिम्नतम कीखजये    Z = 
2𝑥𝑥1+ 2𝑥𝑥2
𝑥𝑥1+𝑥𝑥2+1 

व्यवरोध              𝑥𝑥1 + 3𝑥𝑥2 = 0 

    2𝑥𝑥1 + 𝑥𝑥2 = 0 

    9𝑥𝑥1 + 8𝑥𝑥2 = 0 .......................................................(3.1) 

   3𝑥𝑥1 + 5𝑥𝑥2 = 0 

   𝑥𝑥1 + 𝑥𝑥2 = 1 

तथा      𝑥𝑥1, 𝑥𝑥2 ≥ 0 

रैखिक खिन्नात्मक प्रोग्रामि समस्या (3.1) में व्यवरोध 𝑥𝑥1 + 𝑥𝑥2 = 1 को बंधक  व्यवरोध अंक्रकत करत े
ह|ै 

प्रवर्ता आव्यूह   𝐴𝐴𝑇𝑇= [1 2            9            3
3     1            8              5   ] 

प्रवर्ता आव्यूह  𝐴𝐴𝑇𝑇 की प्रथम एवं खद्वतीय पंखक्त के महिम अवयव िमर्ः 9 तथा 8 ह ै| समस्या का 
अखिकलि क्रकये जािे के खलए इि अवयवों के अखतररक्त र्ेष अवयवों से खिर्थमत व्यवरोधों 𝑥𝑥1 + 3𝑥𝑥2 =
0 , 2𝑥𝑥1 + 𝑥𝑥2 = 0 एवं 3𝑥𝑥1 + 5𝑥𝑥2 = 0 को समस्या के खलए अिावश्यक व्यवरोध मािते हए लोप 
करते ह ै| 

अतः दी गयी खिन्नात्मक प्रोग्रामि समस्या का समािीत खिदर्श खिम्न प्रकार होगा – 

खिम्नतम कीखजये       Z = 
2𝑥𝑥1+ 2𝑥𝑥2
𝑥𝑥1+𝑥𝑥2+1 

व्यवरोध          9𝑥𝑥1 + 8𝑥𝑥2 = 0  .........................................................(3.2) 

  𝑥𝑥1 + 𝑥𝑥2 = 1 

तथा    𝑥𝑥1, 𝑥𝑥2 ≥ 0. 

खिन्नात्मक  प्रोग्रामि समस्या के समािीत खिदर्श (3.2) का हल (यक्रद अखस्तत्व हो), साखहत्य में उपलब्ध 
आलेिीय खवखध , एकधा प्रखवखध या अहय क्रकसी खवखध स ेज्ञात क्रकया जा सकता ह ै| 

 

ço.krk vkO;wg AT dh çFke ,oa f}rh; iafä 
ds egÙke vo;o Øe'k% 9 rFkk 8 gS A leL;k 
dk vfHkdyu fd;s tkus ds fy, bu vo;oksa ds 
vfrfjä 'ks"k vo;oksa ls fufeZr O;ojks/kksa x1 + 3x2 

¾0] 2x1 + x2 ¾ 0 ,oa 3x1 + 5x2 ¾ 0 dks leL;k ds 
fy, vuko';d O;ojks/k ekurs gq, yksi djrs gS A

vr% nh x;h fHkUukRed çksxzkeu leL;k dk 
lekuhr fun'kZ fuEu çdkj gksxk-

fuEure dhft;s 

  Z = (2x1 + 2x2 )/(x1 + x2 +1)

O;ojks/k   9x1 + 8x2 = 0 ------- (3.2)

  x1 + x2 = 1

rFkk  x1, x2 ≥0-

fHkUukRed çksxzkeu leL;k ds lekuhr fun'kZ 
(3-2) dk gy (;fn vfLrRo gks)] lkfgR; esa miyC/k 
vkys[kh; fof/k] ,d/kk çfof/k ;k vU; fdlh fof/k 
ls Kkr fd;k tk ldrk gS A

ifj.kke rFkk foospuk

çLrkfor ,YxksfjFe orZeku esa lkfgR; esa 
miyC/k nwljh rduhdksa vFkok fof/k;ksa ls Js"B gS 
D;ksafd ;g ,YxksfjFe cgqr de le; esa çeq[krk 
fl)kar ds vk/kkj ij vuko';d O;ojks/kksa dks 
fpfUgr dj fun'kZ dk leku;u djrh gS A ,d/kk 
çfof/k vFkok vkys[kh; fof/k ls vuko';d O;ojks/kksa  
dks lalwfpr fd, fcuk leL;k dks gy djus ij le; 

,e- ,y- vxzoky ,oa vU;] ßjSf[kd fHkUukRed fun'kZ esa vuko';d O;ojks/kksa dks fuxfer djus dk ,d LokuqHkfod mixeuß
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rFkk Je dk viO;;; gksrk gS A ifjp; esa 
foosfpr mnkgj.k esa ;fn vuko';d O;ojks/kksa 
dks lalwfpr fd, fcuk leL;k dks vkys[kh; 
fof/k ls gy fd;k tk, rks lHkh O;ojks/kksa dks 
vkysf[kr djrs gq, vuko';d O;ojks/kksa dk 
irk yxk;k tkrk gS ftlls le;] Je rFkk 
eqæk rhuksa dk viO;; gksrk gS A lkFk gh 
;fn ,d/kk çfof/k ls leL;k dks gy fd;k 
tk, rks leL;k dks gy djus esa dbZ ,d/
kk lkjf.k;k¡ (—f=e pjksa dks lfEefyr djrs 
gq,] ;fn vko';d gks rks ) cukuh iM+rh 
gS ftlls leL;k tfVy gks tkrh gS rFkk 
leL;k dks gy djus esa cgqr le; yxrk 
gS A

fu"d"kZ ,oa Hkfo"; esa vuqlU/kku ds 
fy, laHkkouk,a

o`gn~ Lrj dh nSfud thou dh leL;kvksa 
ij bl mixeu dk ç;ksx dj çLrkfor 
,YxksfjFe dh n{krk dk ewY;kadu fd;k tk 
ldrk gS A ;g ,YxksfjFe de le; esa 
b"Vre gy nsrh gS A bl 'kks/k i= esa fdlh 
nh x;h jSf[kd fHkUukRed çksxzkeu leL;k 
esa fo|eku vuko';d O;ojks/kksa dks lalwfpr 
djus ds fy, ,d lk/kkj.k LokuqHkfod 
mixeu dk fodkl fd;k x;k gS A bl 
fo"k; esa Hkfo"; esa vuqlU/kku fd;s tkus dh 
vikj laHkkouk,a gS A ;fn leL;k esa fo|eku 
çkpyksa (Parameters) esa dqN ifjorZu 
dj fn, tk;s rks çca/ku (Management) 
esa rnuqlkj çca/kdh; fu.kZ; (Managerial 
Decisions) fy, tk ldrs gS A

fudV Hkfo"; esa ys[kdksa ds }kjk 
bls jSf[kd ,oa jSf[kd fHkUukRed çksxzkeu 
leL;kvksa ds ;ksx :i (Linear Plus Linear 
Fractional Programming Problems) 
vkfn ds fy, foLrkj çLrkfor gS A

'kks/k i= esa ç;qä vaxzsth 'kCnksa dh lekukFkZd 
rduhdh fganh 'kCnkoyh

Alphabetically sorted 
terminology in English

o.kZekyk vuqlkj  
'kkfVr fganh 'kCnkoyh

Alternate Feasible oSdfYid lqlaxr
Binding Constraint ca/kd O;ojks/k
Existence vfLrRo
Formulation la:i.k
Gradient Matrix ço.krk vkO;wg
Graphical Method vkys[kh; fof/k
Greatest Element egÙke vo;o
Heuristic Algorithm LokuqHkfod ,yxksfjFe
Homogeneous 
Constraints

le?kkr O;ojks/k

Intercepted Values vUr%[kafMr eku
Karmarkar's  
Algorithm

djekjdj& ,yxksfjFe

Linear Fractional 
Programming Problem

jSf[kd fHkUukRed 
çksxzkeu leL;k

Linear Function jSf[kd Qyu
Linear Integer 
Programming Problems

jSf[kd iw.kkaZd çksxkeu 
leL;k

Linear Plus Linear 
Fractional Programming 
Problems

jSf[kd /ku jSf[kd 
fHkUukRed çksxzkeu 
leL;k

Linear Programming jSf[kd çksxzkeu
Linear System jSf[kd fudk;
Management çca/k
Managerial Decisions çca/kdh; fu.kZ;
Mathematical 
Programming

xf.krh; çksxzkeu

Model Reduction fun'kZ leku;u
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Optimal Solution b"Vre gy
Parameters çkpy
Principle of Dominance çeq[krk flíkar
Redundant Constraints vuko';d O;ojks/k
Simplex technique ,d/kk çfof/k
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